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Abstract,  Explicit formulae for the zeta functions of the zeros of Hahn-Exton and Jackson's
g-Bessel functions are derived. They can be regarded as spectral sum rules for some discrete
quantum billiards,

1. Introduction

For a Hermitian operator H of an infinite discrete positive spectrum {A;}, the spectral zeta
function is defined as

() =wH =3 i
jm=1

Zeta functions play an important role in the spectral geometry of partial differential operators
on compact manifolds {1]. Recent interest in these functions is also du to the theory of
quantum billiards [2, 3] which deals with the Laplace operator on a bounded domain D of
R2. There are few cases when the zeta functions can be calculated explicitly, among them
some triangular billiards [4] and the circular billiard (D = disk). For a circular billiard
(including the Aharonov-Bohm billiards [5-7]), the zeta function is given in terms of the
positive zeros j,, of the Bessel function J,(z):

Su(s) ~ §,(25) = fjj;f‘ : )
The explicit formulae for £,(2s) ;:rl any s = 1,2, ..., are the classical results [8]

6= gt

W =y 112(v+2) @

L0 =307 1)3(v1+ 2)(v +3)

£,(8) = Sv+11

280 + DMy + )% +3)(v + 4)
etc. The first twelve zeta functions for even-integer arguments are given in [9] (see
also [6,7]). Various recursive relations for these functions were obtained in [10]. Note
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1754 A A Kvitsinsky

that ¢,(2nr) corresponds precisely to the nth moment of the orthogonality measure for the
Lommel polynomials [11].

The goal of this paper is to generalize these formulac for a discrete version of circular
billiard. Namely, consider the unit disk with polar coordinates (r, ). Let us discretize the
radius 7 by meshing it into a grid {r;} = {1,4.4% ...} with 0 < ¢ < 1, s0 that we get a
set of circles with radii ¢*,i =0, 1, .... On this set, consider the operator

1 1
Hy= == [T+ T =2+ 5 D; ©)

where T, W(r, @) = W(gr, 6}, and Dg is a positive operator acting in 8, Its form is of no
importance; for instance, it can be —37, or one can also discretize the angle and take for
D? a difference operator in 8. Let u? = g” 4+ ¢~ — 2 be an eigenvalue of D}. Then radial
parts of the corresponding eigenfunctions of H, satisfy the g-difference equation

W(gr) +¥{g ')+ A = (¢" +47)] W) =0 @)

with zero boundary conditions W(1) = limy—o W {g") = 0. The solution is given in terms
of the Hahn-Exton g-Bessel function

W(r) =, (g2 r; 4%)

defined as
(qu-i-l: Q‘) o0 (_l)nqn(n-i-])/zzh-!-u
oo

@D = @ Dnlg*tsg),

Slziq) = (3

where
(@;q) =1 (a;q)n = (1 ~a)1l—agq)---(1 —ag"™").

Thus, the eigenvalues of H, are Ay, = g~ j2,(g%), where the j,,{q) are zeros of J,(z; q).
Therefore, the zeta function of the discrete Hamiltonian (3) is proportional to

L(2siq) = jnF @) (6)
n=1

that is a g-generalization of (1).

Our goal is to derive explicit expressions for the zeta function (6) for any s = 1, 2, .
which generalize equations (2). We shall also consider another (Jackson’s) g-Bessel function
(in the notation of Ismail [12])

u+1 °° Z( 1)"(2/2)2"+D a(n+v}
(q f;) = (g (e"iq),

and obtain explicit formulae for the zeta functions of its zeros. We shall see that they
determine the spectrum of a discrete circular billiard with the non-symmetric Hamiltonian
Ty- H,.

Note that the g-Bessel functions and their zeros also arise in the context of some exactly
solvable lattice models of solid-state physics [13].

The key point of our approach is Hadamard’s representations of the g-Bessel functions
as infinite products over their zeros, which are the new results of this work. After
these representations are established, further derivations rely on the techniques originally
developed in [10] (and recently rediscovered in [6]) in the context of the zeros of the
classical Bessel function. However, a more complicated structure of the g-Bessel functions
leads to non-trivial nuances.

Iz q) = 0)
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2. The zeta fanction for the zeros of J,.(2; q)

Let us recall some general properties of the Hahn-Exton g-Bessel function (see, for instance,
[14,15]). It can readily be seen that the series (5) satisfies the g-difference equation

e s a)+ Maiza) + e - (@ )] WG =0 ®

which is equivalent to (4). Two more identities hold true, namely

Iz g) = 807 P2 ) + 2heni (23 9) ©)

Jon1 (@ @) = ¢ F Jo(@ 2 @) + 200 @), (10)
In the limit ¢ 1 1 one gets

11— @)z; q) = J,(22). (1)

Equation (8) goes over into the Bessel differential equation, and equations (%), (10) become
the well known identities for the Bessel function

Iz = gmz) ~ 1,21(@)

v+1 (12)

I (@) = Ju(@) - Jos1 ).

In [16] it is proved that, if v > —1, the zeros of J,(z; g) are real, simple and there are
infinitely many of them. That is why in the following we restrict the range of v to v > —1.

As z7VJ,{z; g) is an even function, it suffices to consider its positive zeros ju.(g)
(0 < ju{g) < jiu{g) < ---) involved in the definition of the zeta function (6).

Lemma 1. If v > —1, the sum {6} converges for any 5 > 0.

This follows from the asymptotics of zeros as 7 — oo:
Jn@ ~ g™ (13)
Indeed, in the limit z — oo the series (5) for 7V J, is in the leading order proportional to
a series that is summed up by the g-binomial theorem [17]:
qn[n—!]/2(_z2}n
~ (@ @n

This implies (13).

Convergence of the zeta function (6) also follows from the fact that z7VJ.(z; ¢) is an
entire function of zeroth order. Recall that order o of an entire function f(z) = 3 ooy anz”
is defined as [18]

=(z%49),,-

p = lim sup ninn (14)

oo In(1/ lanl)’

In our case of (5), p = 0. Thus, due to the Hadamard’s theorem [18], the following
representation holds true:

~ (qu-{-]; q) o0 [ Zz ]
VId(z; q) = ———= I —— . 15
¢ O J(q) (3)

This is a g-analogue of the expansion of the Bessel function as an infinite product over its
zeros [8].



1756 A A Kvirsinsky

Equation (15) is our key point in evaluating the zeta functions. We shall follow the
simple method of [10] to derive the identities (2) (see also [6,7]). It is based on the relation

T,0) = ;*é‘f)—zz;utzn)z”” 2l < Jur. (16)

Differentiating this in z and making use of equation (12), one gets

2 1
1— v+

To(z)+Tz) = 22(»(2”)(2”—1)2.2" -

n=1

Substituting the series (16) for 7,(z) leads one to a quadratic recursive relation {6, 10]

L) =iw+ ™

1l (17)
f2n) = —— gcu(mman —2) n=23,...

that provides the values (2) of £,(2n) for any #.
We now retarn to our problem and begin with a generalization of (16). Let AL =
(n('n7 ---) be a partition of a positive integer » into parts ;, i.e.
n=ntecota gttty

—— ~

4 ra

with 1 <ny <ny<---andr; > 1. We write this as L F n.

Theorem 2. For |z] < g'/2j,1(g), the following representation holds true:

Jv+l(z q) 2n-1
hnz 18
‘}I) (~ 2 4’) ; ( )
with the coefficients related to the zeta functions (6) as follows:
n=12,...
-1 g
h=—q" 3 [T~ [ (2 q)] (19)
Mmoo i !
where the sum runs over all partitions A = {(n['n7 ---) of # and i enumerates parts of a
partition.
(n=12,...

Lu2nq) =

1,
— 1] [’]~7 (s,)" (20)

JLl-n

where c(A) =ri+r2+---

This theorem yields a relationship between the coefficients of the expansion (18) and the
zeta functions, which is more complicated than the classical case (16). The reason for this
lies in the fact that the residue of Ji1(z; ¢)/J,(z; g) cannot easily be calculated in terms
of zeros, as occurs in the classical case where this is a consequence of (12). Nevertheless,
equation (20) provides a way of evaluating the zeta functions if one knows the &,'s. The
following generalization of the recurrence (17) allows one to evaluate these coefficients,
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Theorem 3. The coefficients of (18) satisfy the recursive relations

hyo=(1-¢"")"

n (21)
(1 - q"+"+]) Hupr = _qnhn + quhmhn-—mH n=12...
m=]
and
(-D* n{n+1)/2 n —-l)k ktke+1)/2
hnsy = Y4 =17q homkws n=12,.... (2

@D, @5 a),., S @),

Making use of either of equations (21} or (22) yields the following expressions for the
first few coefficients k,:

(1 q”“)z( ")

_ u+3 (1 + q”"‘z)

h3 = (1 _ ”_H) (1 _ »+2) (1 — qv+3) @
g+ {q”"’z (1 - u+3) + (1 —g®+) (1+ qu+3)}.
(1 v+l) (1 - v+2) (1 ,_qv+3) (1 _qu+4)

They are related to the zeta functions according to (20):

hy =

hy =

=1
;’U(z: 1?) - 1 _qh]

q2
bdia) =17 p [h? + 2h,)
PE (24)
£(6; q) = e ——— (A} + 3hhy + 38

4
ff_ 77 it + 4k 4hhs + 263 + b}

L(8ig) =1
Straightforward algebra yields
52, 9) =

q
(1—g)(1—q"+)
qz (1 + qw+2)
(1 ) ( u+]) (1 _ qu+2)
q3 (1 + zqv+2 + 2qv+3 + q2v+5)
(1 — q3) (1 — qv+l) (1 v+2) ( qu+3)
q4 {2qu+2 (1 1 qu-§-4) (1 _qu+3) -+ (1 — q2v+4) (1 + 3qu+3 + 3qu+4 + q2v+7)}

(1- g% (1 - qu+l)4 (1- qu-l-z)2 (1—g"¥%) (1 - gv+4)

Lidig) =

5u(69) =

L8 q) =
(25)
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These formulae generalize the identities (2) and go over into them as ¢ 1 1. Indeed, due
to (11), in this limit we have

2jun(@)/(1 = @) = jun and 47 (1 - )% (255 9) = £u(29).
Taking this limit in (25) yields equations (2).

2.1. Proof of theorem 2
Equation (9) yields

Jop1(2; q) _1{ _ u,zfu(q“”zz:qJ]_l o
iz g)  z -1 Ty(z;9) _z[1 Hh)] (26)
where, due to (15),
2| 1—1t/(g j2(a)
H@) = — e m 27
® ]][ T—1/72,@) ] @n

Expanding this about 1 = 0, we get

=]
HE) =1-Y hut" lt] < g j2(q)
n=I[
with the same coefficients k, as in (I8).
Consider the function A(f) = In H(¢). Taking the log of (27) and expanding about
t =0 yields
oo —
A=Y e  an= Lt

n=

—,m q). (28)

o0 O 1
=-r Z; S ki ooky, (29)

n=1 ky kg 4oobky=n
where k; 2 1.
In the last sum over k;, somc {or all) k; can be equal. Hence, eachset {k; - ky+---+k; =
n} is a partition A; = (n{' n7--.) k- n such that r; +r, +- - = 5. On the other hand, each
such partition gives rise to
st
N = ——
¢ :) n !J’z! v

equal terms in the sum over k;. Therefore, we can write (29) as
_Z EN(A*) {;{: i }
5=l ). L]

This equation, together with (28), yields equation (20).
Equation (19) is derived by taking the exponent of (29):

oGy e | S | O %
I—Zh,,r —nexp a,t™) l—[{z r‘t }:Z: E[:‘_J]

n=1 n=1 | r=0 n=0
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where the last sum runs over all partitions of n. Expressing a, through the zeta function
by (28) leads to (19).
Note that the representation (26) also allows one to get a convenient formula, namely

Ji(zig) 1-¢ J2.@) =ik (q)
= 30
Ju(z: q) g Z Jun(‘f) - 72 ,Qi ]um(‘ﬂ - _}5,,(4) G0

which leads to another representation of the coefficients #, through the zeros of J.(z; g):

1-g 1 l—[jﬁ,(q) 2™ jou (@)
9 £ 0im@ iy JE@ ~ L)

The explicit expressions (23) for &, can be regarded as another version of the sum rules for
the zeros of the g-Bessel function which generalize equations (2).

hy =

2.2, Rroaf of thearem 3
Equation (10} follows:

Tost(z5 @) s For1 (922 q)
Tz q)= 28D _ o ponid )
Ve = ) ? Jy(z; q)

7, (a'%z; q)

41
=z+¢%T, g%z 9) D

(31)

From equation (9) one gets
J(z; g} =02 _ o =vj2i1f2 172
— z T, z;4).
AT v(¢'72; 9)
Making use of this formula in eguation (31) leads one to the relation
[1-2T,i )] [¢'2T, (g7 P25 9) — 2] = ¢"* ' Tu(zi 9)-

Substituting the series (18) for T, and equating powers of z vyields the quadratic
recurrence (21).
To get the linear recurrence (22), one can substitute the series (5) for both g-Bessel

functions in (18) and equate powers of z.

3. Zeta functions of zeros of JP(z; q)

We have already mentioned that the zeros of Jackson’s g-Bessel function (7) determine the
eigenvalues of a discrete billiard with the Hamiltonian H{? = T, H, where H, is given
by (3). Indeed, the eigenfunctions of the radial part of the Hamiltonian H? satisfy the
equation

Wigry+¥ (g 'r) = (¢° +47") B (r) + 1rPW{gr) =0 (32)

which is equivalent to a g-difference equation satisfied by the series (7) {12], namely
(] * ) 1P@xa) = (@7 +47"7) 3P (@' P q) + 1P (xi ) = 0

so that the solutions to (32) are W(r) = J@ (2¢7'A2r; %) and the eigenvalues of 5
are A = (g2/4) 2, (¢7), where the j,(q) are now the zeros of JP(z; g).
The following result is due to Ismail [12].
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Theorem 4. All the zeros of z7"J{®(z; ¢) are real and simple for v > —1. There are
infinitely many of them and their only cluster point is at the irfinity.

Note that the zeros are eigenvalues of a non-Hermitian operator (32) (as is shown in [19],
they are eigenvalues of another symmetric operator).

‘We shall use the same notation for positive zeros of J,a) (z; @) as for those of the function
Ju(z; g) considered in section 2.

Lemma 5. In the limit n — o0, the zeros of J}z)(z; g) have the asymptotics

Jrig) ~ag ! (33)

so that the series for the zeta function (6) converges for any s > 0.

Indeed, due to theorem 4, j,,(g) — o0 as n — 00. In the limit z — oo the series (7)
for z7VJ¥ is given to leading order by the sum

=)

Z(_QU22/4)”qn2 — (qv+122/4; g'Z)w (4q—1?/22:q ) (q q Z(__4q—v/z

n={}

where we make use of the triple product identity [17]. The last sum can be neglected as
z — 00, s0 that asymptotically the zeros coincide with those of the first factor on the r.hs.
of this equation. This yields (33).

Calculating the limit (14) yields the result that z=*J{? is an entire function of zeroth
order. As it is even, the following representation holds true:

v+l
7@ _ i ‘1) [ ]
(2) @ ( 9o ,H: 13,.(4)

This representation is analogous to (13) and allows one to proceed further in just the
same way as we did in the previous section. Thereby, instead of eguations (9), (10) one
has to use the corresponding identities [12]

Jlfz) (‘;"1/2z q) - q”ﬂfa)(z q) +q”+1/22 J(z) (quzz; q)

2 i —u—if2 %
J‘f+) ( IIZZ q) =gq %Jpci)i(z; g —g~" !/2_2_.]1)(2) (quzz; q).

We skip the corresponding calculations and describe only the final results, They are quite
similar to those we obtained in section 2.

Theorem 6. For |z| < g%}, (g) we have

J(ZJ
¥ :;J =7 '”Zﬁ ! (34)

where the coefficients h, are related to the zeta functions (6) of the zeros of Jlfi)(z; q)
by (19), (20}.
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Theorem 7. 'The coefficients of (34) satisfy the recursive relations
ql}
= ——
1 4 (1 — qu+l)

(1 =g"""*") byt = thhmm n=12,...

m=1
and
(_ l)n qu(v+n+l]+u L (_ l)m qm(m+u)

@ D4 (g 59),,, = @ a9,

By = Posiem  n=12,....

Making use of these recurrences yields the following expressions for the first few
coefficients 7,:
q2u+l

(- (1=

g1 1 g)

ha

= ; (35)
S (1-*) (1 -¢"")
q4u+3 {(] + q) (1 + qZ) (1 - l‘_.1,1'+2) +q (I _ qv+3)}
44 (1 - qu+l)4 (1- qv+2)2 (1-g"3) (1 — g+
Substituting them into equations (20} for the zeta functions gives
qv+l
WZig) = 4(1—g) (1 —g"tY)
q2u+2 { 2q }
v 4; = +1
L4 q) 21-g)( _qv+l)2 1— g2
q3u+3 3g (1 + qz) 3q2
Y e 1
50(6' q) 43 (1 _q3) (1 _qu+l)3 [(1 _qu+2) (] _qv+3) + 1 _qv+3 +
q4u+4 4q3(1 +4q) (1 + qZZ)
t:(8:q) = 4 V3 v
44(1 __q4) (1 _qu-l-]) (1 _qu+2) (l -g )(I —q )
4q* 4g*(1 +9) 24° 2
T (=) (=g?)  T=—gm ] —
(36)

In the limit g 1 | we have [12]
IPU-Dzg) > L@ ju@ = (1~ q)jwm
s0 that
(1 — @) £,(2n; 9) > £.(2n) gtL

Taking this limit in equations (36) yields the sum rules (2) for the zeros of the Bessel
function.
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The analogue of (30) reads

Jlf‘zf')l {z; q) -'IJ—I J‘vm ('-?) q- fvzn (q}
O ¢ 09 ; Jun(q) l;[,, J4(g) = j2,(q)

and the coefficients of (34) can be recast as

720 — g7 2 (g)

37
N r@- 2@ &7

Iy = (1/q — I)qu,,%’(q)

The explicit expressions (35) for , can also be regarded as sum rules for zeros of Jackson's
g-Bessel function which generalize equations (2).

Note that the coefficients &, are closely related to an orthogonality measure dey, (x; g)
for the basic analogues of the Lommel polynomials kp,(x; ¢} studied in [12];

Q0
f Ay (%5 @)y (X5 @) doy (x5 )} = Andipm-
—Qo
As is shown in [12], this measure is even, purely discrete, and
supp{day41(x; @)} = {1/fwm(@)}32, -
Thereby (equation (4.10) of [12])

f der{x; 4) ~2(1= g+ 2 /D) chz.;.);(l/z)
o Z—X 1Par)

in the fimit z — oo the r.h.s. can be expanded into the series (34). Expanding the L.h.s. in
powers of 1/z yields

Z ¢ supp{dery+1}.

oo
f X272 do, (x; g) = 4g~" (1 —g"*) h, n=12,....
-0

Thus the coefficient £, determines the {(n — 1)th moment of the orthogonality measure for
the g-Lommel polynomials, and equation (37) expresses it in terms of the zeros of the
g-Bessel function.

4, Bounds for j,1(q)

The explicit expressions for the zeta functions of the zeros of the g-Bessel functions
considered provide a simple way to get various bounds for the ground states of the
corresponding discrete billiards associated with the first zeros j,,(g). To this end one
can make use of Enler’s estimates

{v(?.n; Q)
&(2n 4 2;9)

which follow directly from the definition (6). In the limit 7 — oo both the upper and lower
bounds of (38) converge to j%(g).

Consider first Jackson’s g-Bessel function J(z; g). Substituting expressions (36) into
equation (38) with » = 1, 2 leads one to the following bounds for its first zero:
yp=1

5 @m ) < jhi@) < =L2... (38)

qu-z-!

——_—mﬁa(q) <{(1-¢"%) (1 - Ay (39)

YT
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{(ihn=2:
172
(1 _q2) (1 — qv-i-Z) qv-i-l 2 1 _ qu-}-3
[: 1 +2g—g""2 < A — g Hi(@) <1—+§~—(1—A2) (40)
where
Al = g (1 _ qu+2) a q‘_-?, (1 _ qu+l)3

= —t— Ag = .
1+2g— "+ P B~ 4+ (14 g +47) (1429 — )
Note that the upper bounds in these formulae improve inequalities for j,;(g) obtained in [19]
via a different method. Namely, setting A; = Az = 0 in equations (39), (40) leads to the
upper bounds for the first zero of Jlfz)(z; g) given at the end of section 7 of [19].
In the case of the Hahn-Exton g-Bessel function, the corresponding bounds are obtained
from equations (25):

Hn=1
2 2
-9 < =i R <a+o(1- 22 )
(iiyrn=2:
1/2
- -") 1" g o (1-¢)(1-¢")(1+g™)
14+ qv+2 1 - qv+l Jv (1 — q?.) (1 + 2qu+2 + zqv+3 + q2v+5) )

Increasing n in (38) allows one to improve these bounds still further.

Acknowledgments

I am grateful to M E H Ismail and to the referees for valuable remarks.

References

[1]1 Gilkey P B 1984 Invariance Theory, The Heat Equation. and the Atiya-Singer Index Theorem (Boston, MA.
Publish or Perish)
[2] Itzykson C, Moussa P and Luck J M 1986 Sum rules for guanturn billiards J. Phys. A: Math. Gen. 19 L111-5
[3] Berry MV and Robnik M 1986 Statistics of energy levels without time-reversal symmetry; Aharonov-Bohm
chaotic billiards J. Phys. A: Math. Gen. 19 648-68
41 Itzykson C and Luck § M 1986 Arsithmetic degeneracies in simple quantum systems J. Phys. A: Math. Gen,
19 211-39
[5] Berry M V 1986 Spectral zeta functions for Aharonov-Bohm quantum billiards J. Phys. A: Math, Gen. 19
228196
{6] Elizalde E, Lesedvarte S and Romeo A 1993 Sum rules for zeros of Bessel functions and an application to
sphetical Aharonov-Bohm quantum bags J. Phys. A: Math. Gen. 26 2409~19
[71 Leseduarte $ and Romeo A 1994 Zeta function of the Bessel operater on the negative real axis J. Phys. A:
Math. Gen. 27 2483-95
[8] Watson G N 1944 A Treatise on the Theory of Bessel Functions (Cambridge: Cambridge University Press)
[9] Lehmer D H 1943-1945 Zeres of the Bessel function J,(x) Math. Comput, 1 405-7
[10] Kishore N 1963 The Rayleigh function Proc. Am. Math. Soc. 14 527-33
{11 D Dickinson 1954 On Lomme! and Besse! polynomials Prec. Am. Mash. Sec. 5 946-56
[12] Ismaail M E H 1982 The zeros of basic Bessel functions, the functions Jy4.:(x), and associated orthogonal
polynomials J. Math. Aral. Appl. 86 1-19
[13) Kvitsinsky A A 1994 An exactly solvable class of discrete Schridinger equations J. Phys. A: Math. Gen. 27
215-8
[14] Koomwinder T H and Swarttouw R F 1992 On g-analogs of the Fourier and Hankel transforms group Trans.
Am. Math. Soc. 333 445-61



1764 A A Kvitsinsky

[15] Exton H 1983 q-Hypergeometric Functions and Applications (Chichester: Ellis Horwood)

[16] Koetink H T and Swarttouw R F 1994 On the zeros of the Hahn-Exton g-Bessel function and associated
g-Lommel polynomials J Math. Anal, Appl. to appear

[17] Gasper G and Rahman M 1990 Basic Hypergeometric Series {Cambridge: Cambridge University Press)

[18] Levin B la 1964 Distribution of Zeros of Entire Funetions (Providence, RI: American Mathematical Society)

[19] Ismail M E H and Muldoon M E 1988 On the variation with respect to a parameter of zeros of Bessel and
g-Bessel functions J, Math, Anal. Appl. 135 187-207



